Abstract: The supermodes in 19-core multicore fibers (MCFs) with identical hexagonally distributed cores are analyzed in detail by using the coupled mode theory and matrix operation. The analytical formulations for both the propagation constants and modal distribution vectors of the supermodes are derived. Simulation results show that the analytical results agree well with the numerical results. In addition, the features of the effective indices and modal distributions of the supermodes are discussed by using the analytical expressions combined with the applications. The analytical expressions provide a fast and accurate method to reveal the properties and characteristics of the supermodes for MCFs and are helpful for the design and applications of MCFs.
Introduction
Multicore fibers (MCFs) can be widely used in optical communication systems [1] - [6] , fiber lasers [7] - [10] , fiber couplers [11] , fiber sensors [12] - [14] , fiber endoscopes [15] - [17] , microwave photonics [18] , etc. The super-modes, whose electrical field distribution will not vary along the fiber length, are the eigen modes of MCFs and are greatly useful in the understanding and analysis of the properties of MCFs [19] . What's more, the super-modes themselves also can be used directly in optical communication systems and fiber lasers. For example, the mode-division multiplexing (MDM) by using the super-modes of MCFs has been proposed to increase the fiber capacity [2] - [5] . Also the super-modes in MCF lasers have been used to achieve high quality and high power laser [7] - [10] . Consequently, an intensive study of the super-modes is quite significant and necessary for the analysis, design, and applications of MCFs.
The super-modes of MCFs can be analyzed by using either numerical simulations [5] , [20] , [21] or analytical methods [4] , [11] , [22] - [25] . Comparing with numerical simulation results, the analytical results can give a deeper insight into the properties and characteristics of the supermodes. They can be used to analyze behaviors of the super-modes fast and completely [4] , [5] . Currently, quite a few analytical results for the super-modes of MCFs have been derived, including MCFs with linear aligned cores [22] , circularly aligned cores within one ring [11] , [23] , two rings [24] , and multi rings [25] . In [24] and [25] , the adjacent rings are assumed to have the same number of cores, and each core in one ring is only coupled with one special core in the adjacent ring. However, in practice, the cores of MCFs are generally distributed in a hexagonal pattern, since it is the densest two-dimensional distribution and suitable for dense MCF design, e.g., 7 cores, 19 cores, 37 cores, etc. [7] - [9] , [20] , [21] . This kind of core distribution is different from that in previous papers [24] , [25] , and the corresponding super-modes have not been analyzed.
In this paper, our research focus on the analysis of the super-modes in MCFs with hexagonally distributed cores. In Section 2, the super-modes in the 19-core MCFs with hexagonally distributed cores are analyzed by using the coupled mode theory (CMT) and matrix operation. The analytical expressions for both the propagation constants and modal distribution vectors of the super-modes are derived. In Section 3, the analytical expressions are verified by comparing with the full vector finite element method (FEM). Simulation results show that the analytical results agree well with the numerical results. Also, the feature of effective indices and the modal distributions of the super-modes are discussed by using the analytical expressions, which are not easy to be obtained only by using the numerical method. The method described in this paper is a general method for super-modes analysis in MCFs with hexagonally distributed cores, and can be extended to multi-layer hexagonally distributed cores situations naturally.
It should be mentioned that in the following analysis, we only consider the coupling between adjacent cores and assume that each core of the MCF only supports single mode. Fig. 1(a) shows the cross-section of the 19-core MCF with hexagonally distributed cores. All the cores are identical and are ordered as in Fig. 1 . According to the conclusions in [23] , [25] , some super-modes in this kind of MCFs are the same as those in 18-core MCFs with hexagonally distributed cores [see Fig. 1(b) ], but the appearance of the center core will bring changes to the remaining super-modes. In this section, our analysis will start from the 18-core MCFs and will then consider the changes brought by the center core.
Super-Modes in 19-Core MCFs With Hexagonally Distributed Cores

Super-Modes in 18-Core MCFs With Hexagonally Distributed Cores
In Fig. 1(b) , the 18 cores are divided into three groups as cores 1-6, cores 7-12, and cores 13-18. The adjacent cores have the same core-to-core distance and coupling coefficient . Here the coupling coefficient is assumed to be real, which is true in most practical cases [26] . If the mode field of each fiber is a k expðÀizÞ, where a k is the amplitude of the field at the k th core and is the propagation constant of the single core in the absence of other cores, the propagation of the fields in each core can be described by using the CMT where The matrix N is a Hermitian matrix, i.e., N ¼ N H , so it can be further decomposed into
where the diagonal matrix m has the elements corresponding to the eigen values of M and N, and its ð3n À 2Þth element, ð3n À 1Þth element, and ð3nÞth element are the eigen values of the nth sub-matrix of the matrix N. In fact, they are the three roots of the following equation: 
where n ¼ 1; 2; Á Á Á ; 6. The roots of (10) can be shown to be
where k ¼ 1; 2; 3 and the three corresponding eigen vectors are 
Then, the matrix V is just formed by the block matrices, i.e., all the x ðnÞ k . Hence, all the propagation constants for the 18-core MCFs are
The total eigen vectors of the matrix M, whose columns will be the modal distribution vectors for super-modes, can be obtained by using W ¼ Q total UV. The modal distribution vector corresponds to the þ ðnÞ k can be shown to be
where q n is the nth column of the matrix Q, and W p is the pth column of the matrix W. Normally, the mode amplitudes a k are real-valued, so the elements of the matrix W should be chosen to be real-valued. From (11), we know that the propagation constants of nth group modes and ð8 À nÞth group modes are the same, i.e., they are degenerate. Therefore, we can use the following expressions:
Comparing with 18-core MCFs with hexagonally distributed cores, there is one more center core for 19-core MCFs, as shown in Fig. 1(a) . There will be coupling between the center core and surrounding 6 cores.
The coupling matrix for 19-core MCFs will be
19Â19 (16) where b ¼ K½1; 1; 1; 1; 1; 1 1Â6 stands for the coupling between the center core and surrounding six cores.
According to the conclusion in [23] , the matrix
has seven eigen values, five of which are the same as those of the matrix K 1 , and the corresponding eigen vectors remain the same except for an additional component with value 0. However, the first eigen value d
1 will be replaced by
and the corresponding eigen vectors are
The matrix M 1 can be written as 
13
13 
and other elements can be calculated by using (4) . By using the same method as (7)- (9), the matrix in the center of (20) The total eigen vectors of the matrix M, whose columns will be the modal distribution vectors for super-modes, can be obtained by using W ¼ Q 0 total UV. By using the same method as (14) and (15), we can obtain the modal distribution vectors for 19-core MCFs: (19) , and q n is the nth column of the matrix Q, which can be calculated by using (5) .
Here, we summarize the propagation constants and modal distribution vectors for all the super-modes in 19-core MCFs with hexagonally distributed cores in Table 1 . The modes are rearranged by using the propagation constants.
Simulation and Discussion
The propagation constant and effective index n eff are two key parameters for the super-modes in MCFs. The propagation constants can be used to calculate the intermodal beat lengths, group delay spread and mode-dependent chromatic dispersion of the super-modes, which are three of the most important properties of MCFs for MDM [5] . The effective indices determine the number of propagating modes and the bending loss of each mode [4] . According to ¼ 2n eff =, where is the wavelength, the effective indices for the super-modes can be calculated by using the propagation constant expressions in Table 1 .
The modal distribution is also an important characteristic for the super-modes, which determines the effective area of the super-modes relating to the nonlinear properties of MCFs [4] , [5] .
To verify the theory in Section 2, here we calculate the effective indices and modal distributions of the super-modes in 19-core MCFs with identical hexagonally distributed cores, by using both the analytical expressions obtained in Section 2 and the full vector FEM, which is a precise numerical method that can test the precision of the analytical results.
The Effective Index
As seen from Table 1 , there are 19 super-modes (or 38 modes if we consider the polarization modes) in the 19-core MCFs, and some of them are degenerate. If we take the 19 cores as a whole, the modal distributions of the super-modes are similar to that in a single core fiber. Most of MCFs are weakly guiding optical fibers, so the modes can be treated as linearly polarized modes (LP modes). The 1st super-mode is the fundamental mode, i.e. LP 01 mode (degenerate HE 11 modes), which has the largest effective index; The second and third super-modes will degenerate to LP 11 mode (degenerate TE 01 , TM 01 , HE 21 modes); The fourth and fifth super-modes will degenerate to LP 21 mode (degenerate EH 11 , HE 31 modes). All the rest of the super-modes are associated with corresponding LP modes. In total, the 19 super-modes can be classified as 12 LP modes, which have been shown in Table 1 .
The polarization is also one of the important characteristics of super-modes. In fact, every super-mode consists of two independent polarization modes. The degenerate super-modes (as shown in Table 1 ) consist of four independent polarization modes. For instance, the 6th supermode in Table 1 consists of two independent polarization modes, which corresponds to LP 02 mode. The degenerate second and third super-modes in Table 1 consists of four independent polarization modes, which corresponds to LP 11 mode.
Here we choose three super-modes to carry out the calculation: the LP 01 mode with the largest effective index, the LP 31 mode with a normal propagation constant , and the LP 04 mode with the smallest effective index. We calculated the effective indices of the super-modes under different gap sizes (edge-to-edge distance between adjacent cores), core diameters, and relative index differences. The simulation results are plotted in Fig. 2 . As seen from Fig. 2 , the effective indices calculated by using the analytical expressions in Table 1 match well with the FEM results in all simulations. Even for the case of strong coupling among cores, e.g., when the gap size is zero, or the core diameter and the relative index difference is quite small, the error between the results is less than 0.2%.
Also we can see that the effective index of the LP 04 mode is less than the cladding index 1.45 when the core diameter or the relative index difference is small, which means the LP 04 mode has been cut off. In fact, sometimes we hope to reduce the number of modes in the MCFs to few modes or even single-mode operation in practice [4] , [9] . This can be realized by adjusting fiber parameters. From the expressions in Table 1 , it seems that we can obtain the conclusion that the super-modes with a propagation constant less than are easy to be cut off, and the remaining 5 LP modes will not be cut off forever. But this conclusion is not always true.
As seen from Fig. 2 , when the core diameter or the relative index difference is quite small, the fiber core cannot limit the light well and the effective indices will be close to the cladding index. In this case, the calculation error between the analytical results and numerical results may lead to an error result when calculating the number of propagating modes, even though the error is quite small. For example, for a 19-core fiber with a core diameter 2 um, gap size 3.5 um, cladding index 1.45, relative index difference 0.17%, and working wavelength 1.05 um, most of which are from [9] , [27] but with a different relative index difference, the FEM simulation results shows that only the fundamental mode (LP 01 mode) existing in the fiber, which means that the LP 11 , LP 21 , LP 02 , and LP 31 modes are cut off. But the analytical expressions cannot predict this result. For the calculation error, one reason is when the core diameter or relative index difference or the gap size is quite small, there will be strong coupling among cores. In this case, the coupling between nonadjacent cores need to be taken into account. Therefore, the analytical expressions in Table 1 should be utilized carefully for this kind of fiber. However, those modes with effective indices too close to the cladding index cannot be transmitted efficiently in the fiber, and can be cut off easily. In fact, for such weakly guided modes, no intentional perturbations would be needed to induce cut offVloose coiling and unintentional perturbations would be enough [27] . For this reason, the small calculation error is not a serious disadvantage.
The Modal Distribution
We calculated the modal distributions of all the super-modes in 19-core MCFs with hexagonally distributed cores by using the FEM and the analytical expressions in Table 1 or (25), respectively. The results are shown in Fig. 3 . The fiber parameters are set as: core diameter 5 um, gap size 1 um, cladding index 1.45, and relative index difference 1.2%, which are the same as previous papers [4] , [21] , [24] . In Fig. 3, (a1) -(a19) are obtained by using FEM, and (b1)-(b19) are corresponding results obtained by using the analytical expressions in Table 1 . As seen from Fig. 3 , the modal distributions obtained by analytical expressions agree well with numerical results. In addition, the analytical expressions of the modal distribution can give a deeper insight into the characteristics of the super-modes and provide more information. Firstly, the surrounding 18-cores can be divided into three groups as cores 1-6, cores 7-12, cores 13-18, as in Fig. 1 . According to (25) , each group has the same modal distribution as the super-modes in 6-core MCFs with hexagonally distributed cores, but the amplitude will be modulated by x 
3 , so the modal amplitude in corresponding group (including six cores) will be zero, i.e. 7th, 8th ðLP 31 Þ, 11th, 12th ðLP 41 Þ, 18th ðLP 32 Þ modes in Table 1 . All these features are confirmed in Fig. 3 .
In order to further verify the modal distribution by using the analytical expressions, here, we define the correlation coefficient as
where E 1 , E 2 are electrical field distributions obtained by using the FEM and (25), and have been normalized by using the total power, respectively. The correlation coefficient directly shows the similarity between the analytical result and the numerical result. By using (26), we obtained the correlation coefficients for all the 19 super-modes, which are listed in the Table 2 . The mode orders are the same as those in Table 1 . As seen from the Table 2 , the correlation coefficients for all the super-modes are more than 0.97, which means that the modal distribution obtained by using the analytical expressions in (25) are excellent agreement with the numerical results.
Conclusion
In this paper, we have analyzed the super-modes in 19-core MCFs with identical hexagonally distributed cores by using the CMT. The analytical expressions for both the propagation constants and modal distribution vectors of the super-modes are derived. Furthermore, we calculated the effective indices and the modal distributions of the super-modes by using the analytical expressions and the numerical method, respectively. Simulation results show that the analytical results agree quite well with the numerical results. Additionally, the effective indices and the modal distribution features of the super-modes are discussed by using the analytical expressions, which are not easy to be obtained only by using the numerical method. The method can also be extended to multi-layer hexagonally distributed cores situations naturally. 
